1. Tools

Def.: ILet J be a non-empty interval of R.
et ¢: J —> R be a mapping.
We now define:

1. ¢: 0 —> R is convex, 1iff
Vx,y e J Vte[01] ¢o(tx+(1-¢t)y)<td(x)+ (1 -¢t)d(y)

2.

Let ¢(J) < R, .
¢: J —> R is logarithmically convex, iff
In(¢) : J —> R is convex

Rem.: Let ¢(J) c R .

Because exp : R — R is convex and monotonically increa-
sing, we get the following:

(0 : 0 —> R is logarithmically convex) =
(0 : 0 —> R is convex)

Theo. :
Pre.: TILet J be a non-empty interval of R.
Let ¢ : J — R be a differentiable mapping.
Ass.: (¢ :J > R is convex) <&
(¢ : J > R is monotonically increasing)
Theo.:
Pre.: TITet J be a non-empty interval of R.
et ¢: J —> R be a 2-times differentiable mapping.
Ass.: (¢ :J —> R is convex) <



2. Gamma-Function

The Gamma-Funktion T : ]R+ —> R is for all a € R#_ defined

through the absolutely convergent integral

>0

From literature we have:

r: R+_ — R 1is analytically (1)
Yo elR+ F(a+1) =a- T (a) (2)
Vk e Ny T(k+1)=k! (3)
r: ]R+ — R is logarithmically convex

(4)

(and ergo convex)

1) =1 and I'(2) =1 (5)
With (4) and (5) we have:

[ | [2; 0] is monotonically increasing (6)
We now define a mapping Yy :]—l;M{ — R through

Vu e |-1; 0  y(u) =T (u+1)
Then we have with (2):

v e Flel (v 1) = (v+ 1)) (7
In addition we have with (6):

y | [1; 0] is monotonically increasing (8)



3. A Look at the sinh-Function

Let x = ldR.'

(idR) | R+ :
Take a look at

Let §
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For a € RH— we define the mapping ;a :]R+ — R through
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With the theorem about the radius of convergence we have:

éa : R, - R is well-defined and differentiable (10)



4. A Look at the cosh-Function

Let x = ldR.'

(idR) | R+ :
Take a look at

Let §
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n=0(2n)' oyt 1!

i gerade

For a € R#— we define the mapping éa :R+ — R through

_ o0 ~2n+a
COL = Z =
iy v (2n + a)
_ 0 ~2n
- ¢ - (11)
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With the theorem about the radius of convergence we have:

Ea :]R+ — R is well-defined and differentiable (12)



5. Differentiate

Let aeR+
Let x = (ldR) | ]R_l_
Then we have with (2) and (7):
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6. Specification of the ODE

We have:

Yo € R+_ {
i. e.

Yo e]R+

ga
5 i1s differentiable and
Ca

it suffices the ordinary

linear differential equation
0

’ Ol —

y:(l OJY-’_ 01 onR+

I (a)




7. Solution of the ODE

In [2] one can find the following theorem:

Theo. :
Pre.: TLet n € N+_.
Let J be a non-empty open interval of R.
Let A :J — Mnxn UR) be a continuous mapping.
Let b :J — R™ be a continuous mapping.
Let & e J.
Let n e R".
Ass.: The initial-value problem
v = 4(t)y + b(t) v (&) =n tedJ (14)
has exactly one solution. It exists in all of J.
Rem.: With [2] there exists a fundamental system

X: J > GL, (R) of the homogeneous ODE y' = A(t)y
with_‘X(é)::En . Then the solution of the initial-

value problem above is:

t
Veed y(t) = x(6)|n+ j(x (O b (1) dt (15)
g



8. Application of the Previous
Theorem

Let oceR+.
Let x:(idR)|R+.

In the specific case of section 6. is J =R n = 2 and the

+ 14
mappings A : J — Myoo (R) and b :J > R? are defined by

0 1
Vt e J A(t) = ) oj

0

Vet e J b(t) -1

t
I (a)

We define 2 differentiable mappings £ : J — ]R2 and g : J —> R2
by

vt es £(t) = [;jj}f EQ
VteJd gl(t) = c;zz EZ;J

Then we have:

vt ed £(0) = (sinh (t) _ (O lj . (cosh (t) A() - £ ()

cosh (t) sinh (t)

sinh (t) cosh (t)

VeedJd g (t) = [COSh ) _ (O 1} : LSinh () _ A(t) - g (t)

f:J > RZ und g : J — RZ are solutions
of the homogeneous ODE y' = A(t)y



We define a mapping H :J — M, , (R) by

cosh (t) sinh (t)
YVt J HI(t) = (£ (t t)) = 17
© (6) = (£ g(©) [sinh () cosh (t) -
Because of (16) and (17), these mapping has the properties:
Vt e J det (H (t)) - cosh? (t) - sinh? (t)=1=%0 (18)
vVt e J H(t)ecL, (R) (19)
_ h(t —sinh (t
vtedJdg (H(t) Lo % (£) —sinh (¢) (20)
—sinh (t) cosh (t)
H:J — GL, (R) is a fundamental system
2 (21)
of the homogeneous ODE y' = A(t)y

We define a mapping Ty 9 = R? by

— o) - -1 . ;O(‘ (t) —
vie T T, (0) =T (a) (H(2) (éa (t)]

T () ( cosh (t) —sinh (t)j . (ia (t)J _ (22)

—sinh (t) cosh (t)

(o) [ %oc (t) colsh (t) - <~:~a (t) sinh (¢) J
~S g (t) sinh (t) + Cq (t) cosh (¢t)

Finally we prove:

) ) ) a—1 — sinh (X)
T(x is an antiderivative of x on R+

cosh (x)
respectively
t .
_1 (- sinh (1)
vt Eed T, (¢) - To (©) = Jta l ( cosh (1) Jdt Y



Proof of (23):
Let & € J.

We define a mapping X : J — GLZ(R) by

VtedJd x(t)=H(t): (H (i))_l

Because (H (§)) is constant and regular, it follows with (21)
and [2]:

X :Jd —> GL2 UR) is a fundamental system

of the homogeneous ODE y' = A(t)y and
X(é) = E2

GJ is a solution of the inital-value prob-
o

Q1 W

Because of (13), L

lem

v = Aa(t)y + b(t) Y(i)—EZEgJ tedJ

With the theorem in section 7. and (15) we have for all t € J:

;(x (t) 3 ;(X (EJ) t . )
{% <t>j o {[ (a)] ’ £<X @) 2 () df} -

= H(t)(H (é))_l [iz Ez; + Z(H () (H (&))_l)_ b (1) dr] =
I -1
a7 | [r @) e @) b ar -
S @)1
s t
= H(t)|(H (i))_l ¢ (&) - I(H (r))_1 b (1) dt
S @)
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But we have for all t € J:

I (a)

—sinh (t) cosh (t)

(1 (t))_l b(t) - 1 [ cosh (t) - sinh (t)J

_ o1 {—sinh(ti

I (a)

Finally, we can transform

VteJ TI(a) {(H (£) "

Toc—l

IV —y

respectively

veedg T, (t)-T, (&) =

With this (23) is proved.

cosh (t)

Cq ()

—-sinh(r)) e

cosh (1)

-11 -

S (t)J - [

0
ta—l

t .
ta_l ——81nh(1q .
£ [ cosh(r) d

]:



9. Limites

LetoceR+.
With (9) and (11) we have:

s
[ a} : IR+ - R? is continuously extendible in 0 and

Ca

(54 (®) (oj
lim - =
£—0+(cq (&) 0
With (22) we have:

Ta : IR+ - RZ is continuously extendible in 0 and

0
lim =
E—0+ To (9 [Oj

It follows with (23):

t .
veemr, [w-ifsn0)
+ cosh (1)

J dt converges for (& — 0+)
S

and

£—0+ cosh (1)

£ .
a1 -—51nh(fq ]
g ( cosh (1) d

t o
VeeR, T, (t)= 1lim jro‘_l[ sin (T)) dt =
g

-12-



10. Result

Let aeR+
Let x=(idR)|R+.

Then we have:

( 5 X)cosh(x)+-5a{(x)sinh(x)) is an antiderivative
O 1

of 81nh( ) on Rﬁ_ and

t
vt e R, T (a)(-5, (t)cosh(t) + &y (t)sinh(t)) = [* 7! sinh (1) dr
0

and

( 5 x)sinh(x)+—5a’(x)cosh(x)) is an antiderivative
O 1

of cosh (x) on Rq_ and

t
vt e R, T (a)(-5, (t)sinh(t) + &y (t) cosh (t)) = [1*7F cosh (1) dt
0

You can obviously get antiderivatives of xa_q’sinh(Bx) and

Xa_J_COSh(BX) by the substitution 1 > Pt (B e]R+).

Because of V1 e R (sinh(—m) = —sinh (1) A cosh(—t)=cosh(rn
you can obviously get at last antiderivatives of xa_q‘sinh(ﬁx)

und xa_q‘cosh(ﬁx) (B = 0).

-13 -
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