T=0
explained



1. Symmetry of the k"
Differential

Theorem:

Pre.: Let k € Ng_ with k =2 2.
Let n € N+_.

Let G be an open subset of R™.
Let @ : G —»> R be a mapping.
Let @ be k-times differentiable.

Ass.: Vp € G dé@ : R x...xR?" 5 R is symmetric

2. A Special Case of Cartan’s
Derivation

Theorem:

Pre. : LetneN+.

Let G be an open subset of R™ .

Let V: G — R"™ be a continuous differentiable
mapping.

n
et ®: G — S(RH,R) be defined as o = Z V., . dx.
1 1

i=1

(espacially o : G?—é,Q(Rn,R) is continuous differen-

tiable) .
Ass.: . .
Vp € G (Dpa)z 0 & dpV is self—ad301nt)
Rem. : 1.

,S(RH,R) is the R-vector-space of all R-linear-

forms R? —» R.

2 o is a so called Cl—differential form of degree
1.
3. 0... 1s Cartan’s derivation. If n = 3, then the

following is true:

Vp € G ((Dpu)=:0) = (curlp (V) = O».
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3. Vector Potential

Theo.:
Pre.: Let n € N+_.

Let G be an open subset of R™.
Ass.: 1.

Let ¢ € C2(G).
Then the follwing is true:

(Vp e G &Ha(grad(@)) is self—adjoint»

2. Be G star-shaped.
Be kEN+U{OO}.

et V: G — R? be a k-times continuous differenti-
able mapping.
Then the following is true:

Vp € G d,V is self-adjoint =
p p

Jdo € Ck+q'(G) V = grad (¢)



4. The Inversal of 1 (k=2)

Theorem:

Pre. :

Ass.:

Rem. :

Proof:

Let n € N+_.

Let G be an open, star-shaped subset of R™ .

Let a: G —é,S(Eg%IR) be a continuous differentiable
mapping.

et B: G > £ 2(RH,R) be defined through

Vp € G Vv, w e R (Bp)(v, w) = ((dpoc) (V)) (w)

o is symmetric» =

(Vp € G (B
There is ¢ € C2(G) with
p

do = o and d2@ =

e 2 (RH,R) - {b . R x RT 5 R is R—bilinear} is a

R-vector-space.

Let ¢ F:(e ,en) be the standard base of R?.

17
Let %’F:(xl,“.,xn) be the base of,Q(Rn,R) dual to

¢.
Let the mapping V : G — R™ be defined as

a;)(el)
Vp e G V(p) = : (1)
@y (en)

Then the following statements are valid:

V: G — R? is continuous differentiable (2)

and



Then the following statement is true:

Vje{l..,n} VpegG (dpv) (e.

) ov
5] =

A consequence of (3) 1is

Vje{l..,n} VpegG (de) (ej)

Il
—_
D

.
~——

Then it follows by premise:

Because (Vp e G (Bp is symmetric», a consequence of

(4) and (5) is
(Vp e G Q}pv is self—adjoint» (6)

Because of (2), (6) and therocem 3.2., there exists
¢ € C° (G) with

V = grad (9) (7)

Because of (1) and (7), for all Vi e {1,...,n} and all
Vp € G the following statement is wvalid:

(a50) (5) = 22 (0) = (sraa, (@) = v, (8) = wp (e)

1

respectively

do = o (8)



Then it follows for all Vi, j e {1,...

diofesrey) = oy (o))

respectively

dinfsres) - (e @)les) )

respectively by premise

Soleses) - o o)

At last we have

,n} and all Vp € G

(a5 (e ) (D) (<)



5.

Let

Let
Let

Let

Charts

n e N+.
M be a smooth manifold of dimension n.

R
u be a chart of M.

Then we have:

Gu is a smooth open submanifold of M
u(Gu) is a smooth open submanifold of R”

T (Gu) is a smooth open submanifold of TM

T(u(Gu» is a smooth open submanifold of T(Rn)

u, (U_l)* = (idu(Gu)j* - idT(u(Gu))

(u_l) Br = (idGu)* = oy
x )




6. Application of 4

Theorem:

Pre. : LetneN+ be with n =2 2.

Let (M,< ..;...>) be a Riemannian c®-manifold of
dimension n.

Let V a affine connection of M.

Let V be compatible with the metric < ...;... >.

Let T the Torsion tensor field of V.
Let u be a chart of M with Gu = M.

Let u(Gu) = u(M) c R™ be star-shaped.

We define the so called “Christoffel-Symbols” through

Vi,j,ke{l,...,n} F]f = <V P i;i>
i ou ..

J ou
ou. K
i

ec®(M,R)
Let (el,...,en) be the canonical base of RT.
We define a C®-mapping g : u (Gu) — o (RH,R) through
Vg € u(Gu) Va b € R™ gq (a b) =

n
= Z ajbk < (u_l) i;(u_l) 0 >
j,k=l * an * an

q

Ass.: Let for all Vk e {1,...,n} ¢, € c? (u (Gu),R) an anti-

derivative of g(ek, ) : u(Gu) > S(Rn, ]R). Then the

following is true:

T =0 =
{Vk e{l,..,n} Vi jel{l .., n}

[0, et afa (g )) o) = o (o) esr o)



Rem. :

Proof:

We apply 4. and get for all k € {1,..., n}:

There exists an antiderivative of
g(ek,...) : u(Gu) > S(RH,R)
Vi, j € {1, ..., n}

d(g (ek’ej))(ei) = (9 (oxr2;)) (ej)

The case “«” is trivial. So let be T = 0.

R

Let k € ﬂqn.,n}. Because of T =0 and because V 1is
compatible with the metric < ...;... >, there is a known
formula for the “Christoffel-Symbols”. For every
i, j € ﬂqn.,n} it holds:

1"]?'23 0 a,a > +
17 2 8ui Guj ﬁuk
0 0 0
+ ; > +
ou ou ou.
7 k 1
0 0 0
8uk 8ui auj

The following is elementary:

ou 0x

Vi e {1,..., n} 9 = (u_l) 0 ou
1 * 1



With this we have for every 1, K, A € ﬂ,“.,n}:

{a o & J 4
; >|ou =
ou ou ou
1 A

We remember the mapping g : u(Gu) — £2(RH,R). Then we

have for all i, j € ﬂ4.”,n}:

k -1 1| 0 ( ) 0
I °ou = — gle., e + gle,,e. | +
17 2(axi T\ %k 0x g( Kk l)

respectively

(Ffj ) u_lj " %d(g (ei'ej)) (o) =
- %(d (g (ek' ej)) (e5) + d(g (e e )) (ej)j )
o (exrey)) (o) =

dz(@k)(ei'ej)

_lo_
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