1. Notation

Let m E.N+.
Let r e.N+.

1. We define if‘oRm,R) as the R —vectorspace of all r —times

R —multilinear mappings f : R™ x .. xR" -5 R.

r-times
2. We define Sr as the group of all permutations
c: {1,..,r} —> {1,...,r}. Further we define sgn (...) as the

signum-function of Sr'

3. Let f € ifa(RﬂulR). We define:

(f is alternating) : <&

vV € Sr Vvl,...,vr e R™ f(vl,”.,vr) =

90, (£ (voay e V()

4. We define:

’Srlt ORHEIR):: {f e of @Rm,IR): f ist alternating}

a

Sglt (]Rm, ]R) is a R —subvectorspace of fva (Rm, R).



5. Let f € ifa(RﬂulR). We define:

(f ist symmetrical) : <

vV € Sr Vvl,...,vr e R™ f(vl,”.,vr) =

: (‘”nm' o Vn<r>)

6. We define:

,Sgym_ORnu]R):: {f € £f~ORn%IR): f ist symmetrical}
Sgym ORm,EQ is a R —subvectorspace of Sf‘@Rm,RQ.
7. Let V be a finite dimensional R —vectorspace. Let

f: V> V a R -linear mapping. Let U be a R —-subvector-
space of V. We define:

f 1is a projection : <& f o f £
and

(f is a projection of V onto U) : <
(fof =f and img(f) = U)

Let f be a projection of V onto U. Than we have:

(‘v’u eU f(u)= u) and (kern (f)) Nnuv = {o}

8. Abbreviations:

,Theo.™ means ,Theorem"“.
,Pre.“ means , Premises"“.
,Ass.“ means ,Assertion™.
,1.e. means ,that is"“.



2. Alternating Multilinear
Forms

Let m e N+.
Let r € N+.

Now we define a R —linear mapping
prrfz : SK(Rm,R) — Sr(Rm,R) by
a

m m r,m —
Vo € £;(R,,HR) Vv, ..., v, €R (pralt @Mj(vl,“.,vr)._

rilcezs 591, (0) 9(Vg(1)r = V()

Then we have the following theorem:

Theo. :

Ass.: r,m
r

e is a projection of Sr(Rm,Rg onto £€lt(Rm,Eg.



Theo. :

Pre.:

Ass. :

LetmeN+.
LetreN+.

Let G Dbe an open subset of R™.

let  : G — Sélt'ORm,Hﬁ) be continuous differentiable.
Let p e G.

We define ( € ertl (Rm,R) by

VWO,...,Wr e R™ C(WO,...,wr) =




3. Symmetrical Multilinear
Forms

LetmeN+.
LetreN+.

Now we define a R —linear mapping
pri/m . Sr(]Rm, R) - Sr(Rm, ]R) by
sym

1
T P\ Vo(1) ’Vc(r)j
CES
r
Sei ke {l,...,r+1}.
We now define kk,r €S, .4 by
1 i<k A 1I<r+1
Vie{l, .., r+1} xklr(i):z i+1 i>2k A I<r+1
k i=r+1
One can describe kk,r by
1 ... k-1 k r r+1
A = (*)
k,r 1 .. k=1 k+1 ... r+1 &k



Theo. :

Ass.: . . .
SS pr’'™ is a projection of 29‘@Rm,R) onto £éym(Eyn,R).
sym
Bew.: In 3 steps:

L. prtr (Sr (Rm,R)) c Sgym (Rm,R) is true, i.e. we

sym
have to prove:

VI e iff(Rpu]R) prIVm (f) ist symmetrical (1)
sym

Proof of (1):
Let f € Sr(]Rm, ]R).

m
Let ViresV, € R™.

Let e S_.
r

We now define Wire W € R™ by
Vie{l,...,r} w. = V(i) (2)
Then we have:
Vk €S Vje {1, ..., r} WK(j) = VnoK(j)

Now the following is true:

ceS
- %GEZS ( oo (1)’ 'Vnoc(r)j
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prr’m ()3r (Rm,R)) ) Sgym (Rm, R) is true, i.e.
sym

because of Eéym (]Rm, ]R) c ef (]Rm, ]R) we have to

prove:
Vg € £5yn (Rm’R) pr'’™ (9) = g (4)
sym
Proof of (4):
Let g € Sgwn(Rm,R).
Let v,,..,v._ e R™,
1 r
Then we have:
r,m ( ) _
r Vayeoof V =
(p synl(g)j 1 r
1 (35)
= — Z \va \%4
r! g( o(1)" G(r)j
ceS
r
Because g € Eéym'@yn,R) the following is true:
Vo € Sr g(VG(l)/ ’ VG(I’)) -
(0)
- g(vl’ ’Vr)
Moreover the following is true:
— |
#Sr r! (7)
With (5) - (7) we have:
r,m _
(o2m @) (30 7,) = 9 (v v,)



I pplrl o
sym sym sym
prove:

P is true, 1.e. we have to

Vh e X?R(RHE]R) (prIVm ° prIVnzj(h) = pr '™ (h)

sym sym sym

But this is a consequence of (1) and (4).



Theo. :

Pre.:

Ass. :

Bew. :

Let m € N+.
Let r € N+_.

Let G be an open subset of R™.

Let ® : G > Séym @Rm,Rq be continuous differentiable.
Let p e G.

We define ( € ertl (Rm,R) by

VWO,...,Wr e R™ C(WO’”"WI):Z

v e R™,

Let v 4l

17

We have per definitionem:

[prg;iﬂn(qi)(vl,“.,vr+l) =
1

L2 e o)

cEeS
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Now the following is true:

S [y Vo)) -

GESr+1
r+1 (2)
k=1 oceS
r+l
o(r+1)=k
and (proof of (3) later)
c €S
Vke{l,..,r+1 V r+l
c(r+1) =k
Clv f e V = (3)
c(1) o(r+1)
= C (ka,r (1), ey ka’r (r+1)J
and
Vke{l,..,r+1 #loes i o(r+1) =k =r! (4)
With (1) - (4) the following is true:
r+1,m _
{prsym (C)] (Vl’ ' Vr+1)
o r+1
- (r +]J| ;Ei_g[vxk}f(l), ’ka,r(r+l)J
1 r+1
i1 (dp (“’ (Vl’ o V1 Vg1 Vr+l))) (Vk)
k=1

-11 -



Now follows the proof of (3):

Let k € {l,...,r + 1} .

Let © € Sr+l and be G(r +]) =

We now define m € Sr+l by
-1

T=0 Okk,r < Sr+1

and Upyoe Uy, e R™ by

Vie{l..,r} u; = VG(l)

Because o (r +1) = k,
n(r+1)=r+1

Especially we have:

Vie{l..,r} (TE (3) € {1, ...,

Finally we get with

Vg € G mq € Séym_oRm,R):

<oy Yot -
- <[V Yooy ) 7

c;(ul,...,u v ):
oo ) -
@(Vconu ey )
=6 [Vx Vg () Tk
C["x v (r+l)J

-12-

r} und un(j) =

k true.

the following is true:

(5) - (8)



4.

Theo. :

Pre.:

Ass. :

Proof:

Projections

Let V be a finite-dimensional R —vectorspace.
Let f: V = V be a projection.

Let g: V —» V defined by g := idV - .

g: V > V is a projection with fog = gof =0
We have to show:
ge.g =g

and

Proof of (1):

gog=(idv—f)o(idv—f
- (idv o (i, —f))—(

(idy o id, ) - (idy, o £) = (£ o id, ) + (£ F)

=idV—f—f+(fof):

= id,, - f =

)=

Proof of (2):

fog:fo(j_dv_f):

and
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Satz:

Vor. :

Beh. :

Bew. :

=S W
p=>"1

Let V be a finite-dimensional R —vectorspace.
Let k € N+.

Let for every i € {l,...,k} P V — V be a projection.

k
2: P, V - V 1is a projection with
i=1
K k
img z P, | = 'EO-) 1mg(Pl.)
i=1 1=1

We assume (Vi,j e {1, ..., k}

Then we have:

k
2: P, |o
i=1

—
DM >
o

I
T
o
°
M >
o
I

k k
= 2: E: (p <>P.) =
, ; 1 J
i=1 j=1 (1)
k
= ES (p,<>p ) =
1
i=1
k
= > P
1
i=1
i.e.
k
2: Eﬁ V > V 1is a projection (2)
i=1

-15-



Obviously the following is true:

k k

img E: Pﬁ C E: img(Eﬁ) (3)
i=1 i=1

With the assumption we have:

Vi,jef{l, ..,k [i+3 = img(p,|c ker(Ei) (4)
b

Because for every 1 € {1,...,k} P, : Vo> V is a

projection, the following is true:
(Vi e {1,.., k} ker ()N ing(p;) = gn)
Then we have:
(Vi,j e {1,..., k} (i =3 = img(E}) N img(E}) = ﬁn))

With that it is shown:

k k
img 2: Pﬁ C ,C) 1mg(Eﬁ) (5)
i=1 1=1
Then it remains to show:
k
Vie{l..,k} img(E}) c img 2: P. (6)
i=1
Proof of this:
Let j e {1,..., k}.
With (4) we have finally:
k k k
img Z P, | = P, (V) o z P, (1mg (Pj)) =

= 2; [ing(2)) = sna (e o 2;) = ing ()

-16 -



,<="“: We now assume:

k
2: Pj : V> V 1is a projection with
Jj=1
k k
im P.| = @ im (P.)
g 2: . @ ing (2

The following has to be shown:
Vi, j e {l,..,k (i 3 = img(p;)c ker(E}))

Let i e {1,..., k}.
Let u € img(E}).

k
Because 2: Ej and Eﬁ are projections and because
Jj=1
k k
u € img 2: Pj = @ 1mg(P.), we have:
5=1 Jj=1

j=1 j=1
i#7
and now
k
p. =0
5 e (1)
Jj=1
1#7
K k
Because img 2: Pj = @ 1mg(P ), we have finally:
: =1
j=1 J

Vie {1 ..,k (i;tj = (Pj(u)=0))

-17 -



5. Projections and Tensors

Let m E.N+.
Let r € N#_ be with r > 2.

We now define a R —1linear mapping
prf’m fv (Rm, ]R) - £f (Rm, R) by
r,m r,m r,m
r'’ = pr ' + pr’
P 1 P alt sym

Then the following is true:

Vo € £F (Rm,R) Vv, v, € R™ (prf’m ((p)) (Vl""’vr) =

Theo:
Ass. : r,m m m . . .
prl’ : ¢ RT, R - &' (R™, R| is a projection onto

o (Rm, ]R) ® 5o (Rm, R)

alt

—- r,m . r,m
=im r = ’
g(P alt) 1mg(prsymj
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Proof: We only have to show:

1. (R™ R) A £hyn (R™ R) = {0)

Proof of this:

tet £ e £, (R™ R)n £y (R R).

Let v.,..,v._ e R™,
1 r

Let 1 € Sr be defined by (Cave! r =2 2):

t: {l, ..., r} > {1, ..., r}
2 i=
i ot (d) =41 i=
i iz

Because r =2 2 and f e,Sglt(Rﬁh]R), the following 1is

true:

f(vl’ ey Vr) = sgn_ (1) f(vr(l)’ e Vr(r)j

Because r 2 2 and f e,ﬂgym_ORn%IRy the following is

true:

f(vl""’ Vr) - f(vr(l)’ Vt(r)j

Then we have:

f(vl,“.,vr) =0

-19-



We now define a R —1linear mapping
peZ ™ ;:F(Rm, ]R) N ):f(Rm, R) by

prr = id - prr’m

0 sf(Rm,R) 1

Theo:
Ass. : r,m m m , . . .
pro’ : 25 RM R - &' (R™, R| is a projection with
r,m r,m _ r,m r,m _
r o pr = r o PTr =0
p 0 p 1 p 1 p 0

Proof: Clear with theorems in 4. and 5.

-20 -



6. Result

Let m E.N+.
Let r € Nq_ be with r > 2.

The following is true:

m m r,m
0 e,Qr(Rl,IR) ‘v’vl,...,vr e R (pralt QM)(Vl,”.,Vr)

_ ri!c,ezs 591, (©) 9(Vg(1) - V()

-21 -



Finally the following is true:

prg’m and prf’m are projections with
r,m r,m _ r,m r,m _
r o pr = pr o pr =0
P 0 o 1 o 1 P 0
and
prrﬂn, prrﬂn and prrﬂn are projections with
0 alt sym
P e pe = B ol 20 ana
a a
prrﬂn()prrﬂn _ prr,m o prrﬂn -0 and
0 sym sym 0
r,m r,m _ r,m r,m _
r o pr = pr o pr =0
P alt P sym P sSym P alt
and
r =2 = prg”n =0
and
r,m r,m r,m r,m r,m
id =pr'" +pr’" =pr’ +|pr’ + pr’
Sr(Rm,R) 0 alt sym
and
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