Lemma:

Pre. :

Ass.:

Proof:

n
nw=

Let ® : R? - R? be a R-linear mapping.

Let <...;...> be a scalar product on RZ.
® is an isometry of (R2,<.“;.” >) =
There is an orthonormal base of (R2,<.“;.“ >),

that the matrix of ®, which is related to this

base, has one of the following shapes:

S
(2 (0) —amn )
where 9 e [0; 2n]

Let ® be an isometry of (R2,< e s >).

Because (R2,< e g e >) is a finite dimensional R -

vectorspace, there exists by [4] an orthonormal base

(el’ez) € (R2)2 of (R2,< >) .

Because ® 1is an isometry of (R2,< vee P e >), the

following is true:

‘v’ueR2 <u;u>=<q)(u);<I>(u)> (1)
With (1) we have:

(O RZ —9:R2 is bijective (2)
and

VV,WGRZ <v;w>=<q)(v);®(w)> (3)



2
Because of [4] and because (el,ez) IS @R2) is a base of

(R2,< “.;”.>), there are g, b, ¢, d € R with

That means with (2)

a b
The matrix A := € GL, (R) is the
c d

matrix of the R-linear isometry @,

which is related to the base (el,ez)

of @R2,< e h s >).

With [4] the following is true:

There i1s one and only one linear mapping
Qo : R? — R? with the property (5)

VV,WE]RZ <(I)(V);W>=<V;(p(w)>

2
Because (el,ez) € @R2) is an orthonormal base, we have

with [4] and (5):

. t a ¢ .
The matrix A~ := e M (R) is the
b d 2%2

matrix of ¢, which is related to the base (6)

(61’62) of oR2,< e S s >).




On the other hand we have with (2) and (4):

0 # det (4) = ad — bc € R (7)
and
_ 1 d -b
The matrix A 1 - IS GLZ(R)
det (a)\-c a
is the matrix of ® !, which is related to (8)

the base (61’62) of @R2,< N >).

Now we have with (3):
2 a1 _ i -1
Vv, w € R < v; ® (w)>—<(D(V),<I>(q) (w))>
respectively
2 Ll _ .
Vv, w € R < v; O (w)>—<q)(v),w>

With (4), (5), (6) and (8) we have:

o = o1 ang aft = a7?
-1 t 2 (9)
1 = det (AA ) = det (AA ) = (det (a))
With that and (7) we have at last:
det (4) € {1, -1} (10)
1. case: det(A) = -1
With (6), (8) und (9) we have:
a c¢ _ d -b
— At = A 1 _ (_1)
b d —-Cc a
respectively
a=—-d und b = ¢ (*)



Let I, € GL, (R) be the identity matrix. Now

we define the characteristic polynom
%2 () € R[A] of A through

X, (M) = det (4 - A1,

With (4) we have:

) = det a-—»A b
La () Bl c d— A

respectively
%, () =ad - bc-(a+d)r+ A
With det(4) = -1, (7) and (*) we have:

Ky () =22 —1=(-1)(h+1)

Then we define kl,k2 € R durch kl := 1 und

kz = —1. The the following 1is true:

Vie {20 x, (k) =0
d.h. kl’XZ are eigenvalues of A

According to [4] there exists Vi1V, € R2
with:
Vie{l,2 v, #0
Vie{l,2} <v.;v., > =1
i" 71
and
Vie{l,2 Av, =A.v,
1 171

d.h. Vir Vs are eigenvectors of A
With that we have:

vief{,2 @(v,)=2n;v,

1 i1

With (3) we have:

< ViV, > = < (D(vl);(l)(vz) >



With that we get:

< viivy > = 7»17»2 < ViV, >
Because klkz = -1, it 1s shown:
< ViiVs > =0

Then (Vl’VZ) is an orthonormal base of

(R2,< e S s >). Then we have:
_ Xl 0
The matrix A := e GL (R) is
0 2, 2

the matrix of the R-linear isometry @

which is related to (Vl,V2).



2.

case:

det (4) =1

With (6), (8) and (9) we have:
a c _ d -b
b d —-Cc a
respectively
a=4d and b = - (**)

Because det(4) =1 and (7), we have:

1 =ad — bc = a2—kc2

According to [4] there exists 9 € [0, 2n][ with
a = cos(9) and ¢ = sin(9)

With (4) and (**), we have at last:

_(cos(8) -sin(9)
A= (sin(S) cos(S)j



2
Let (el,ez) IS @R2) be an orthonormal base of

2 .
(R y < i >). Let A € M, , (R) with

or

p) 39 e [0,2n] A = [COS(S) - sin (S)J

sin (9) cos (9)

Let A the matrix of the R-linear mapping
o : R2 —éiRz, which is related to (el,ez).

Then we have:

A eGL, (R) and a" = a~" (1)

Because (61’62) is an orthonormal base of

(R2,< e h s >), we have:

For the R-linear mapping ¢ : R? — R?

is At the matrix of ¢, which is related

(61’62)’ and the following is true:

VV,WER2 <®(V);W> = <V;(p(w)>

With (1) and (2) we have:

VV,WGR2 <CD(V);W> <V,'(D_1(W)>

respectively

VVERZ <(1)(V);(D(V)>

< v <D_1 (q) (V)) >
respectively

‘V’VGRZ <®(v);®(v)>

< v,V o>

With this it is shown:

® is an isometry of (R2,<.“;.“ >)
_'7_



Lemma: II

Pre.: Let @ : RZ N Rz be a R-linear mapping.

Ass.: For every norm |..| on R? is true:

oD : (R2,"“M — @R2,”“M is an isometry =

of normed R-vectorspaces

There is no scalar product < ...;... > on R2
and no orthonormal base ‘B of (R2,<.H;.“ >),

that the matrix of ®, which is related to ‘B,
has the following shape:

b

Proof: We assume now:

For every norm.|LJ| on R? is true:
(O (R2,w”m — @R2,””m is an isometry (1)

of normed R-vectorspaces

Let < ...;...> be a scalar product on RZ and let

2

(el,ez) S @R2) be an orthonormal base of (R2,< e f s >)
und let

q)(el) = e and q)(ez) = —e, (2)

2\2 2
Then we define a base (Vl’VQ) € (R ) von (R.,< e >)
through
1 1
vy :-—E(el+e2) and Vs :-Jz(el — e2) (3)



Then we have:

2
(Vl,VQ) € @RZ) is an orthonormal base

(4)
2
of OR , < g >)
and
d)(vl) = v, und d)(v2) = vy (5)
Now we define a norm w.ﬂl on RZ through
R2 Ll .
Yu e ”dh_.— E‘< ui vq >‘+—2‘< ui v, >‘ (6)
With this we have at last:
1
[o:] =5 wna vl -2 )
1 2 1

(1), (5) are (7) are contradictory!



Lemma:

Pre. :

Ass.:

Proof:

IIT
2 2 . .
Let @ R —» R® be a R-linear mapping.
Let < ...;... > be a scalar product on R2 and
2
let (61’62) S @RZ) be an orthonormal base of

(R2, < gl >) .

cos (9) - sin (9)
sin (9) cos (9)

® which is related to (el,ez).

Let 9 € [0, 2n] and let ( j the matrix of

For every norm ””1| on Rz is true:
o : (RZ, ||...||) N (R2, ||...||) is an isometry| =
of normed R-vectorspaces
9 e {O, r , T, 3_71}
2 2

We assume now:

For every norm.|LJ| on R? is true:
(O (R2,w”m — @R2,””m is an isometry (1)

of normed R-vectorspaces
Then we define a norm w.ﬂl on R? through

’

Yu € R2 ”u” = max il ure, >
1 1

< u;e2 >” (2)
Then we have:

ol =2 e bl -
Ll 2l

On the other hand the following is true:

,[sin (9)|} (4)

H(D (el )Hl = Hq) (e2 )Hl = max {|cos (8)

_lo_



With (1), (3) and (4) we have:

sin (8)|}

1 = max {|cos (9)

14

Because 9 € [0, 2n], we get at last:

3
9 e {O,E,n,—n}
2 2

_ll_



Lemma: IV

Pre.: Let ® : R? - R? be a R-linear mapping.

Let < ...;... > be a scalar product on RZ and
2

let (61’62) S @RZ) be an orthonormal base of

(R2, < i >) .

cos (9) - sin (9)
sin (9) cos (9)

® which is related to (el,ez).

Let 9 € [0, 2n] and let ( j the matrix of

Ass.: For every norm |L1| on R? is true:

oD : (R2,W“M —>(R2,”JD is an isometry =
of normed R-vectorspaces

9 € {0, n}
Proof: We assume now:
For every norm |LJ| on R2 is true:
o : (RZ, ||...||) N (R2, ||...||) is an isometry (1)
of normed R-vectorspaces
According to Lemma III we have:

96{0,3,71,31} (2)
2 2

Then we have to prootf:

9 € {0, n} (3)

_12_



Ass.:

g == 3m (4)
2 2

0 -1
Then there exists a € Uq—l}, that a(l 0 j is the

matrix of ® which is related to (61’62)'

Then we have:

@(el) = ae, and @(ez) = —oe, (5)
We now define a norm ”'“1 on R? through
i RZ 1 . 2 .
ue ||u||1 = 5‘< u; eq >‘ + ‘< ui e, >‘ (6)

For this norm the following is true:
1
o, =5 ana o], -2 7
1 2 1

(1), (5) and (7) are contradictory!

_13_



Lemma:

Pre.:

Ass.:

V (Consequence of Lemma I, II, III and IV)
. 2 2 . .
Let ® : R® > R be a R-linear mapping.

For every norm |LJ| on R2 is true:
® : (RZ, ||...||) N (R2, ||...||) is an isometry

of normed R-vectorspaces

d e <id , —1id
{ R2 Rz}

_14_
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Proof of 4.3.

Obviously we have to proof:

For every norm.|L4| on R? is true:

* %
o: (R%].]) > | (R?) ] is an isometry| =
* k%

of normed R-vectorspaces

®E Q I_Q }
{R2 R

Proof:

We assume:

For every norm |LJ| on R? is true:

* %
O (R2, ||...||) N [(R2) ,||...||**J is an isometry (1)
of normed R-vectorspaces

With this we have:

For every norm,|LJ| on R? is true:

[(QRZ J_l . @J o (B2 1) > (B2 ) s an (2)

isometry of normed R-vectorspaces

This means with Lemma V:

-1
0 o ®| e did ., -id } (3)
[[ RZ) ] { RZ R?

_15_



Then there exists a e {1, -1} with

-1
0 od = g - 1d
( sz R?

Because Q , is a R-linear mapping,

-1
0] o | Q od =4g-0
RZ ( R2j RZ

=id * %
()

Because a € {1, -1}, we have at last:

(DE Q I_Q }
{ R? TR?

_16_

we get:
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